Abstract The fully differential angular distribution for the rare flavor-changing neutral current decayB
The emphasis is placed on accurate treatment of the contribution from the processesB 
Introduction
The investigation of the rare decaȳ
induced by the flavor-changing neutral current (FCNC) transition b → sµ + µ − is an important test of the standard model (SM) and its extensions (see [1] for a review). The phenomenology of this decay mode has been discussed by many authors, e.g. see Refs. .
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This decay takes place in a very wide region of dimuon invariant mass squared, q 2 = (q + +q − ) 2 , namely 4m Main attention in literature has been paid to description of the nonresonant amplitude of the decaȳ B 0 d →K * 0 µ + µ − in the region 1 GeV 2 ≤ q 2 ≤ 6 GeV 2 . In this region, using the QCD factorization (QCDf) [28, 29] , one can perform a systematical calculation of nonfactorizable corrections to "naive factorization approximation" (NFA) and spectator effects [30, 31] . At larger dimuon masses, at about q 2 > 14 GeV 2 , the QCDf and the light-cone sum rules (LCSR) methods are not applicable. For the estimation of non-factorizable corrections, an operator product expansion in powers of 1/ q 2 can be used [32, 33] . In the region 10 GeV 
GeV
2 the non-factorizable effects due to soft-gluon emission have been included in [34] .
Often the resonant contribution to amplitudes of rare decays of B-meson is modeled in terms of the BreitWigner functions for the resonances [35] [36] [37] [38] [39] . In these references the resonance corrections are added to the perturbative loops of charm quarks. Note an original approach of Ref. [40] for the inclusive B → X s ℓ + ℓ − process, in which dispersion relation exploiting experimentally measured cross section σ(e + e − → hadrons) 2 has been applied to account for the resonance terms (see also [41] ). These approaches more often apply to the inclusive decays B → X s ℓ + ℓ − and use information on the B → X s J/ψ and B → X s ψ(2S) branching ratios for description of the resonant contribution. Sometimes, such approaches are extended to the exclusive decays [4, 38, 39] , in which the branching ratios for exclusive decays B → K(K * ) J/ψ and B → K(K * ) ψ(2S) are used. In these studies, carried out in framework of the NFA, additional factors k V are introduced into the resonant terms to adjust the branching ratios for the decays, for instance,
where the right-hand side is taken from experiment.
Recall that, in general, the process B → K * V is characterized not only by the branching ratio. The decay of a B * 0 V , is described by three complex amplitudes [42] . In the transverse basis [43, 44] , these decay amplitudes correspond to linearly polarized states of vector mesons, which are polarized either longitudinally (0) or transversely to the direction of their motion, being polarized in parallel ( ) or perpendicular (⊥) to each another. Overall, six real parameters describe three complex amplitudes A V 0 , A V , and A V ⊥ . They could be chosen to be, for example, the branching ratio, |A In the present paper for description of resonant contribution to the four-body decayB
the available information on the helicity amplitudes for B → K * V is used. The fully differential angular distribution over the three angles and dimuon invariant mass is analyzed in the whole region 4m
2 . The amplitude of this decay consists of the nonresonant amplitude in the SM model and the resonant amplitude. For the first amplitude we use the NFA, in which hadronic matrix elements are parameterized in terms of form factors [47] , and the Wilson coefficients are taken in the next-to-next-to-leading order (NNLO) approximation.
The resonant amplitude is expressed in terms of the invariant amplitudes S We also study two aspects of the resonant amplitude. The first one is related to the fact that the vector mesons are off their mass shells, therefore an off-massshell extension of the on-mass-shell B The paper is organized as follows. In Section 2.1 the fully differential angular distribution is discussed. Nonresonant and resonant amplitudes in the transverse basis are specified in Section 2.2. Results for the dependence of observables on the invariant mass squared are presented in Section 3. Conclusions are drawn in Section 4. In Appendix A calculation of the amplitudes for the off-mass-shell vector meson V is described.
Angular distributions and amplitudes for thē
B 0 d →K * 0 µ + µ − decay
Differential decay rate
The decayB
+ on the mass shell 1 , is completely described by four independent kinematic variables: the dimuon invariant mass squared, q 2 , and the three angles θ µ , θ K , φ. In the helicity frame (Fig. 1) , the angle θ µ (θ K ) is defined as the angle between the directions of motion of µ
where
, and
Here i, j = (0, , ⊥), the a k dependent on products of the six transversity amplitudes
, where L and R refer to the chirality of the leptonic current, as well as the seventh transversity amplitude A t . The latter amplitude is related to the time-like component of the virtual gauge boson, which does not contribute to the decay rate in the case of massless leptons and can be neglected if the lepton mass is small in comparison to the invariant-mass of the leptonic pair.
where m K * is the mass of the K * 0 meson, and
Here, V ij are the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements [48, 49] , G F is the Fermi coupling constant, α em is the electromagnetic fine-structure constant. The longitudinal, parallel, and perpendicular partial widths are given, respectively, by
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The familiar muon-pair invariant-mass spectrum forB
The fraction of
Integrating Eq. (1) over the variables cos θ µ and φ, we obtain
Integration of Eq. (1) over cos θ K and φ yields
where dA
FB /dq 2 is the muon forward-backward asymmetry,
and the normalized forward-backward asymmetry dĀ
Finally, the one-dimensional angular distribution in the angle φ between the lepton and meson planes takes the form
T cos 2φ
where the asymmetry A
T (q 2 ) is sensitive to new physics from right-handed currents beyond the standard model, and the amplitude A Im (q 2 ) is sensitive to complex phases in the hadronic matrix elements. Sometimes A
T (q 2 ) is called transverse asymmetry [7] .
Resonant and nonresonant transverse amplitudes
The effects of the long-distance contribution from the decaysB Fig. 2 . There is no unique waȳ of introducing the V γ transition, and one can use various versions of VMD models which yield different V γ transition vertices. In one of VMD models (see [50] , chapter 6)
where g µν is the metric tensor, q is the photon (meson) four-momentum and Q V is the effective electric charge of the quarks in the meson V :
The decay constant of the neutral vector meson f V can be extracted from electromagnetic decay width, using
We will call this version VMD1. The vertex in Eq. (14) follows from the transition Lagrangian
Another model (called hereafter VMD2) originates from (18) is its explicit gaugeinvariant form. Eq. (18) gives rise to the V γ transition vertex
The term ∝ q µ q ν does not contribute being contracted with the leptonic current eū(q − )γ µ v(q + ), and vertex (19) is suppressed compared to (14) at small q 2 ≪ m 2 V , i.e. in the region far from the vector-meson mass shell. Of course on the mass shell, q 2 = m 2 V , the VMD2 and VMD1 are equivalent.
These two versions of VMD model have been discussed earlier in Refs. [51, 52] . Note also that VMD2 vertex follows from the Resonance Chiral Theory [53] and has been applied [54] when studying the reaction
Parameters of vector resonances are collected in Table 1.
The nonresonant amplitudes are calculated in the NFA, with the short-distance NNLO Wilson coefficients, and nonperturbative B → K * transition form factors. Then the total amplitudes including nonresonant and resonant parts take the form
is the usual Breit-Wigner function for the V meson resonance shape with the energy-dependent width
In 
is quark-loop function given in Ref. [30] . Note that in the framework of the SM
are the B → K * transition form factors. In the numerical estimations, we use the form factors from the LCSR calculation [47] .
In Eqs. Table 2 The numerical input used in our analysis. The energy-dependent widths of light vector resonances ρ, ω and φ are chosen as in Ref. [14] . The updated branching ratios for resonances decays to different channels are taken from [55] . For the cc resonances J/ψ, ψ(2S), . . . we take the constant widths.
In order to calculate the resonant contribution to the amplitude of theB [55] . For the light resonances ρ and ω we use the theoretical prediction [56] for the decay amplitudes. At the same time, we are not aware of a similar prediction for the higher cc resonances, such as ψ(3770) and so on, and therefore do not include these resonances.
The parameters of the model are indicated in Table 2. [57] , CDF (Tevatron) [58, 59] and LHCb [60] we show the binned Table 3 Experimental bins in q 2 used in the data analyses [60] (the first column), [57] [58] [59] (the second column) and in our calculation. Table 3 . Predictions of the VMD1 and VMD2 models (Section 2.2) differ at relatively small q 2 . This is due to the fact that at small q 2 the high-lying resonances J/ψ and ψ(2S) are far off their mass shells and in these kinematical conditions the VMD1 and VMD2 models give different results. On the contrary, in the high q 2 region, close to the mass shells for the cc resonances, the results with VMD1 and VMD2 do not differ. [47] . The data Belle (KEKB) [57] , CDF (Tevatron) [58, 59] and LHCb [60] are shown by the circles, filled boxes and triangles respectively (the horizontal error bars are not shown -they are given in Table 3 ). FB /dq 2 . The other notation is the same as in Fig. 3 .
In the experimental analyses certain cuts in q 2 are applied in order to suppress the charmonia contributions (the so-called charmonia veto). Correspondingly in Figs. 3 and 4 we also use these cuts. As it is seen from Fig. 3 at which resonance contribution is small.
Comparing these results with results of Refs. [4, 38, 39] we note that in these papers the amplitudes of the decays B → K * J/ψ and B → K * ψ(2S) are calculated in framework of the NFA which implies zero phases. In contrast, our calculation is free from this limitation since the amplitudes are taken from experiment and thus the phases δ V 0 for all resonances V can be chosen arbitrary and independent.
Note that long-distance effects due to the nonfactorizable soft-gluon emission from the c-quarks have been included in Ref. [34] . Authors have shown that these effects lead to a modification, depending on the K * polarization, of the Wilson coefficient C 9V (µ). The form factors and the Wilson coefficients in [34] are different from the corresponding quantities in our calculation. In framework of this approach we estimated the differential branching ratio in the region 1.0 GeV 2 < q 2 < 9.0 GeV 2 , using the Wilson coefficients and form factors of our work. Results of this calculation along with results of the present work are shown in Table 4 . As is seen, results of both approaches are comparable, at least in these intervals of q 2 and for a certain choice of phases δ V 0 . Besides, our calculation in the SM without resonances in framework of the NFA turns out to be relatively close to the calculation following approach of Ref. [34] .
As expected, the observables which are the ratios of the bilinear combinations of the amplitudes, such as f L or A FB , are less sensitive to the phases of the resonance contribution (see Fig. 4) . Moreover, the latter is generally small independently of δ V 0 , apart from the region of relatively small q 2 4 GeV 2 . It should be noted that for the inclusive decay B → X s e + e − , in Ref. [61] soft-gluon emission from the charm loop has been considered and long-distance corrections of O(Λ 2 QCD /m 2 c ) to the differential branching and forwardbackward asymmetry are shown to be small in the region away from the cc resonances. Although this inclusive process is amenable to clean theoretical description for 1 GeV 2 < q 2 < 6 GeV 2 and q 2 > 14.4 GeV 2 [62] , the experimental information on differential branching ratio is still rather limited [63, 64] . The situation is not likely to improve in the nearest future. At the same time for the exclusive decays B → K * (→ Kπ) ℓ + ℓ − a high statistics is expected at LHCb, and this will allow for measurement of various observables in these processes. Therefore the exclusive decays have quite a good potential for tests of the SM and search for effects beyond the SM.
Conclusions
The rare FCNC decayB
has been studied in the whole region of muon-antimuon invariant masses. We performed calculations of the differential branching ratio, polarization fraction f L of the K * meson and forward-backward asymmetry A FB for the four-body decayB
Main emphasis in our study is placed on contribution of the intermediate vector resonances in the processB describe production of the on-shell vector mesons V . For the latter amplitudes all the experimentally available information is used, and otherwise theoretical predictions.
The calculations are compared with recent data [57] [58] [59] [60] for the q 2 -dependence of the differential branching ratio, longitudinal polarization fraction of the K * meson and forward-backward asymmetry. In these analyses the cuts around the pole positions of the charmonia resonances are applied to suppress these contributions (charmonia veto). Our calculation shows that the intermediate resonances may considerably modify the branching ratio, calculated in the SM without resonances in framework of the NFA, even in the q 2 -region located far from these cuts. Main contribution comes from the cc resonances J/ψ and ψ(2S). This conclusion, however, crucially depends on values of the unknown zero-helicity phases δ J/ψ 0 and δ
respectively. In view of these results one should keep in mind that the resonance contribution may imitate effects of new physics, the search for which is one of the goals of current and planned experiments on BaBar, CDF, Belle and LHCb.
As for the observables f L and A FB , these are less sensitive to the phases of the resonance contribution and moreover the latter is generally small independently of δ 
in terms of three invariant amplitudes S 1 , S 2 and S 3 , V CKM is a CKM factor. The quantities S 1 , S 2 and S 3 may be complex and involve two types of phases, CPconserving strong phases and CP -violating weak phases. In general, the invariant amplitudes are a sum of several interfering amplitudes, S 1j , S 2j and S 3j , respectively.
Then the phase structure of S 1 , S 2 and S 3 is:
where ϕ 1j , ϕ 2j , and ϕ 3j are the CP -violating weak phases and δ 1j , δ 2j , and δ 3j are the CP -conserving strong phases. Using CP T invariance, we can represent the matrix element for the charge-conjugate decayB(p) → 
The helicity amplitudes in terms of three invariant amplitudes, S 1 , S 2 , and S 3 are:
From the decomposition Eq. (A.4) one finds the following relations between the helicity amplitudes and the invariant amplitudes S 1 , S 2 , S 3 :
Note that the polarized decay amplitudes can be expressed in several different but equivalent bases. For example, the helicity amplitudes can be related to the spin amplitudes in the transversity basis A 0 , A , A ⊥ defined in terms of the linear polarization of the vector mesons via: Table 5 Branching ratio [55] , and decay amplitudes for [55] . 
(1 −m .12) 
